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Abstract—Application of mathematical modeling for analysis of natural phenomena relies on model reduc-
tion techniques, which inevitably raises the question of whether the results of simulation reflect real pro-
cesses. This work analyzes problems that arise when the results obtained by mathematical modeling of pop-
ulation processes are compared to data collected by monitoring of natural ecosystems. The source of these
problems is that the type of dependencies between variables that describe the population dynamics, as well as
the choice of numerical values assigned to the parameters of the mathematical model, are often impossible to
justify, even based on the monitoring data from a particular ecosystem. This paper proposes an approach to
mathematical modeling that would take the impact of the entire complex of biotic and abiotic factors on the
population dynamics into account. Its central feature is consideration of ecosystem monitoring data and
incorporating them directly into mathematical models of population dynamics. This approach would make it
possible, in particular, to evaluate the extent to which individual environmental factors influence both the
variations in population abundance recorded during monitoring and those characteristics of population pro-
cesses that are not directly measured during monitoring, but are obtained by mathematical modeling.
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Populations as dynamic objects. The concept of
populations as dynamic objects is a theoretical ideal-
ization. Such an idealization normally comes from
individual features of organisms that constitute a given
population, in much the same way as the properties of
individual molecules are disregarded when gas or liq-
uid dynamics are studied. Similarly to gases and liq-
uids, populations can be characterized by their density
(population abundance), that is, the number of indi-
viduals or mass per unit of area or volume.

The density of natural populations can vary in both
space and time. These variations are determined by
biological processes (growth, proliferation, and death
of organisms), as well as by ecological processes
(migrations, trophic interactions among populations,
or environmental changes). The complexity of this
mosaic of factors that underlie f luctuations in popula-
tion abundance and frequently irregular populations
considerably hinders any attempts to identify the prin-
cipal driving forces that are responsible for the
observed natural oscillations of population densities.

Model reduction can be applied to overcome these
difficulties. In particular, reduction is utilized in
mechanistic models that describe population dynam-
ics as a sum of independent processes (e.g., prolifera-
tion and death). In this case, assuming that the model
population is distributed uniformly over the inhabited
area and is not affected by any other populations or
abiotic external factors the temporal dynamics of its
abundance is determined by the algebraic sum of the
proliferation and death rates in the organisms that
constitute the population.

In fact, populations are involved in complex sys-
tems of trophic interactions; this is actually taken into
account in many mathematical models [1, 2]. More-
over, models of population dynamics frequently con-
sider the internal structure of populations (e.g., their
composition by age) [3]. As an example, the block dia-
gram shown in Fig. 1 describes trophic interactions
between hydrobiont populations (fish and zooplank-
ton) taking their internal structure into account [4, 5].
As shown in Fig. 1, the population of adult zooplank-
ters comprises three age groups: Z2(i), i = 1, 2, 3. Sche-
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Fig. 1. Scheme of life cycles and trophic relationships in a hydrobiont community. , numbers of forage (i = 1) and predatory

(i = 2) fish in life cycle stage k; , average weight of forage (i = 1) and predatory (i = 2) fish in life cycle stage k; ωcrij, the critical
body weight for transition to the next life cycle stage [5].
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matically, the dynamics of the zooplankton popula-
tion is determined by the following two relationships:

Zooplankton replenishment = reproduction –
mortality – zooplankton consumption by forage fish
– zooplankton consumption by predatory fish.

Zooplankton abundance in a given age group =
transition from the preceding age group – mortality –
zooplankton consumption by forage fish– zooplank-
ton consumption by predatory fish.
BIOPHYSICS  Vol. 64  No. 6  2019
According to the model presented in Fig. 1, the for-
age fish population N1 is composed of three groups of
individuals that differ in body weight. In addition to
reproduction, this model describes the dynamics of
fish numbers and average body weight in each of these
groups. Transition to the next group occurs after a cer-
tain threshold body weight is achieved. Schematically,
the equation that describes the dynamics of fish num-

bers  and  (fish before sexual maturity) has the
following form:

1
1N 2

1N
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Stage 1 group is repopulated by juvenile fish that
have survived in the course of egg maturation, and
stage 2 group is repopulated by stage 1 juveniles that
have reached the threshold body weight values.

Before juvenile predatory fish (groups  and  )
reach the threshold body weight, they feed on zoo-
plankton, similarly to forage fish (Fig. 1). Transition to
predation is associated with an increase in energy
demands with growing motility and body weight [6].
At the stages where predatory fish feed on zooplank-
ton (groups  and ), dynamics of their numbers is
similar to the dynamics in juvenile forage fish (groups

 and ). The important difference is that the pop-
ulation of predatory fish diminishes only due to natu-
ral mortality. After predatory fish turn to predation
(stage ), their food resource are juvenile forage fish
(groups  and ; Fig. 1). Individuals that have
reached sexual maturity (stage  in forage fish and

 in predatory fish; Fig. 1) stop consuming food and
affect the population dynamics only by reproduction
(see [4] for detailed description and justification of the
model).

In spite of the complexity of relationships between
the zooplankton and fish populations shown in Fig. 1,
the corresponding mathematical model still does not
account for a great number of factors that may affect
the population dynamics in zooplankton and fish,
such as the multispecies composition of the fish com-
munity, trophic interactions of both zooplankton and
fish with phytoplankton, or temperature f luctuations.
This type of reducing complex phenomena to simpler
elements is widely employed in mathematical model-
ing of population dynamics aimed at identifying the
basic mechanisms of the observed phenomena. Using
this approach in the case presented in Fig. 1, it was
possible to identify the factors that can determine the
observed natural long-period (of decade-long order)
oscillations in the abundance of fish populations: the
rate of zooplankton replenishment, the critical body
weight associated with transition to predation, as well
as the limit of life duration in predatory fish [4, 5].

It should be noted that the mathematical model
described above, as well as many other models
employed in mathematical ecology (see, for example,
[7]), do not allow a definite conclusion as to whether
the obtained results are applicable to a particular eco-
system. Since any mathematical model is essentially a
product of a reduction-based approach, it is necessary
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to specify the level of reductionism that would be suf-
ficient to reveal causative relationships among the
components of a complex ecosystem in order to iden-
tify their contribution to the dynamics of natural pop-
ulations and to the predictability of this dynamics [8].

Factors that determine the character and predict-
ability of population dynamics. For many populations,
the amplitude and period of their size oscillations
exhibit significant variation in time [1, 9–12]. In some
cases, this irregularity is imposed on the population
dynamics by stochastic habitat conditions. Random
exogenous perturbations interacting with nonlinear
endogenous factors, such as trophic relationships
among populations, may generate chaotic oscillations
of population abundance [7].

In the theoretical framework, chaos is considered
as a mode inherent to nonlinear dynamic systems; in
other words, it manifests in the absence of any external
factors. In this case, chaos is understood as an irregu-
lar oscillatory process in nonlinear systems that
depends on the initial conditions; more specifically, it
exhibits exponential instability.

The extent of chaos can be assessed using the dom-
inant Lyapunov exponent Λ: the behavior of dynamic
system is chaotic if Λ > 0 (see, for example, [13]). Cha-
otic behavior implies that the oscillatory process has
limited predictability, which turns out to be limited by
the prediction horizon (Tpr) [14], that is, the time
period during which a small difference in the initial
conditions (e.g., caused by a small deviation in the
model phase trajectory or errors of measurement in a
real experiment) increases so much that the correla-
tion between the prediction and observation drops to
nearly zero. The prediction horizon Tpr decreases if the
behavior of a dynamic system becomes more chaotic
[15]:

(1)

In contrast to many model systems, natural ecosys-
tems and their components (in particular, popula-
tions) cannot be considered as isolated from external
influences. Interplay between the effects of exogenous
and endogenous factors on population dynamics can
produce unexpected results. As an example, superpo-
sition of periodic (seasonal) temperature oscillations
and endogenous periodic f luctuations of the popula-
tion size can give rise to chaotic oscillations [16]. In
heterogeneous habitats, i.e., those that comprise sev-
eral adjacent biotops, partially predictable chaos that
describes plankton dynamics in one of them may
spread to a neighboring biotop as a result of biomass
exchange [17, 18]. Mathematical modeling of this
dynamic invasion showed that it may result in a situa-
tion where the population dynamics become even less
predictable than in a case of dynamic chaos. In this
particular case, the decrease in predictability was due
to competition between two coexisting attractors: a
chaotic attractor and a limit cycle, while the basins of

−= Λ 1
pr .T
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attraction to either of them had a fractal structure. For
such a structure of basins of attraction, even weak
exogenous noises induce hardly predictable reversible
transitions between the competing attractors [17].

An essential step in the research of mechanisms
that underlie the observed patterns of population
functioning is comparing the results obtained by
mathematical modeling to the data of natural ecosys-
tem monitoring. From this point of view, it is critically
important to analyze the data collected in the course
of monitoring, such as changes in the abundance
(numbers or biomass) of individual populations and
functional communities, f luctuations in availability of
resources required by different species for life mainte-
nance, or oscillations in environmental parameters
(e.g., temperature). These data are frequently pre-
sented as time series that clearly demonstrate the
dynamics of variable parameters in a particular eco-
system [3].

It should be noted that data obtained by ecosystem
monitoring (see, for example, [19, 20]) represent the
outcome of trophic interactions, as well as the result of
external influences on the ecosystem in question
(moreover, these data also reflect the observer effect,
i.e., inaccuracies that are inevitably introduced in the
course of measurement). In other words, time series
obtained by means of monitoring describe the ecosys-
tem as a whole. Thus, monitoring of ecosystems can be
considered as an element of a holistic approach to their
research, and mathematical analysis of time series is
relevant in this context. One of the meaningful goals of
this analysis is numerical evaluation of the predictabil-
ity of the population dynamics.

TIME SERIES ANALYSIS
Reconstruction of population dynamics. Popula-

tions connected by trophic interactions and exposed to
similar exogenous factors form a dynamic system. Its
image is an attractor: a closed set A for which there
exists neighborhood N such that

(2)

where f is a map (see, for example, [21]). Different
dynamic processes (e.g., temporal f luctuations in the
size of individual populations) that belong to the same
attractor are interrelated. As a result, for instance, in a
predator–prey system, information concerning
changes in the predator population size makes it basi-
cally possible to infer the properties of the prey popu-
lation dynamics.

As an example, let us follow [22] and consider tra-
jectories approaching a d-dimensional attractor A in
an E-dimensional phase space (d ≤ E). For a point
m(t) lying on one of such trajectories (t is time), the
following condition is satisfied:

→∞
=lim ( ) ,t

t
f N A

+ =( 1) ( ( )).m t f m t
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For E = 3, point m(t) can be represented as follows:
m(t) = [X(t), Y(t), Z(t)]. Let X be an observable
dynamic process, one of those that determine the map
f in the E-dimensional phase space, and the corre-
sponding time series of length L is {X} = {X(1), …,
X(L)}. By defining an E-dimensional embedding
space, we obtain a set AX of points x(t) with coordi-
nates X(t), X(t) – τ), …, X(t) – (E –1)τ); here, the lag
is τ > 0. In the general case, points x(t) of the set AX are
in a one-to-one correspondence with points m(t) of
the set A [23].

If two processes, X and Y, are in a causative rela-
tionship (for instance, as elements of a predator–prey
system), then, since they have a common attractor A,
reconstruction ( ) of the time series Y(t) can be
obtained based on the time series X(t), and the result
can be compared to the initial time series Y(t). In other
words, the character of the dynamics of the prey pop-
ulation can be restored based on the available informa-
tion (time series) for the predator population, or the
other way round. The algorithm of this reconstruction
is as follows [22].

Consider two time series: {X} = X(1), …, X(L)} and
{Y} = {Y(1), …, Y(L)}. For the time series {X}, find
vectors (t) with coordinates X(t), X(t) – τ), …, X(t) –
(E – 1)τ), which form the set AX. Next, find such
moments of time t1, …, tE + 1 that correspond to vectors
differing from each of the vectors (t) by a value
smaller than the threshold and thus determine the
nearest neighbors of the vectors (t). These nearest
neighbors are used to identify the putative nearest
neighbors of Y(ti), i = 1, …, E + 1, which are used for
the reconstruction:

where

and d[x(t), x(tj)] is the Euclidian distance between the
corresponding vectors. Similarly, the time series X(t)
can be reconstructed based on the time series Y(t). If X
and Y are interrelated processes, then with increasing
series length L, the reconstruction  will be
approaching Y(t), while the reconstruction 
will be approaching X(t); as a result, the reconstructed
and the observed time series are well correlated [22].
Thus, it can be determined if the processes X and Y are
interrelated.

Reconstruction of dynamic processes was
employed, for example, to analyze the data on the sar-
dine and anchovy yield in the Pacific Ocean. It was
assumed that the yield figures reflect the actual f luc-
tuations in size of the fish populations. The time series
constructed from these data exhibited two obvious
properties: first, the oscillations were irregular, and

ˆ( ) XY t A

�x

�x

�x

= ˆ( ) ( ),X i iY t A wY t

{ }= = −
 1

[ ( ), ( )], exp ,
[ ( ), ( )]

i i
i i

i

u d x t x tw u
u d x t x t

ˆ( ) XY t A
ˆ( ) YX t A



960 MEDVINSKY et al.
second, the period of maximal abundance of sardines
corresponded to decreased abundance of anchovies.
Based on this fact, two hypotheses were proposed:
(1) sardines and anchovies are competing species [24]
or (2) sardines and anchovies simultaneously, but in a
different manner, react to changes of some exogenous
factors that characterize their common habitat [25].
Using the method of time series reconstruction, it was
demonstrated that size oscillations in the sardine and
anchovy population exhibited weak correlation with
the corresponding reconstructed time series and
therefore could not be described under the assumption
that these oscillations had a single attractor [22]. It was
exogenous factors (first of all, temperature f luctua-
tions) that were responsible for the observed patterns
of fish population dynamics.

Predictability of population dynamics. Predictability
of irregular oscillations is frequently quantified using
the algorithm proposed in [26], which makes it possi-
ble to compare the fragments of the time series that
correspond to the observed oscillations to the predic-
tion. For a time series Nt, where t ∈ [0, T], this algo-
rithm includes the following stages:

(1) constructing the vector

where d is the dimensionality of the embedding space
[27];

(2) in segment [0, T/2], finding vector

such that 
(3) predicting the value for the next time step:

(4) constructing vector  according to

step (1) using the predicted value of  as a
known one;

(5) performing the next iteration in segment [0,
T/2 + 1], and continuing until reaching the prediction
for point T;

(6) calculating the error of prediction at the nth
iteration [28]:

(3)

(7) assessing the prediction horizon Tpr. A quanti-
tative estimate of Tpr is obtained based on the limit of
prediction error EL  1.

As can be seen from (3), the closer the predicted
value N' is to the observed value N, the smaller the pre-
diction error is. At the same time, the numerical value
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of the prediction horizon Tpr increases; i.e., the
dynamics become more predictable for lower values of
E(n). An example of predicting a chaotic time series
using the algorithm described above is shown in Fig. 2.
It should be noted that accuracy of prediction signifi-
cantly depends on the number of recorded oscillations
that precede the prediction. As a consequence, appli-
cability of the above algorithm to real population pro-
cesses is strongly limited, since the length of the corre-
sponding time series obtained in the course of field
monitoring is commonly insufficient to provide an
adequate estimate for the prediction horizon of these
processes.

It is noteworthy that the prediction horizon may
depend on the time scale. In [29], it was shown that
periods of time with chaotic oscillations of population
abundance can periodically recur. As a result, while
during relatively short periods of time the population
dynamics is chaotic and, accordingly, its predictability
is limited by Tpr, on a larger time scale characteristic
for reproduction of chaos, this dynamics exhibits a
regularity typical for periodic processes.

The predictability of chaotic dynamics, consider-
ing relationship (1), can be related to the value of the
dominant Lyapunov exponent (Λ > 0): the stronger
the chaos, i.e., the greater the positive value of the
dominant Lyapunov exponent, the worse the predict-
ability, i.e., the lower the Tpr value. However, it should
be taken into account that the mutual dependence of
Λ and Tpr specified by (1) is sometimes violated. This
occurs in the following cases:

(a) coexistence of several competing attractors. If
the corresponding basins of attraction have a complex
structure, even small external noise can cause the sys-
tem to drift constantly from one basin to another. In
this case, the system dynamics is nearly unpredictable,
regardless of the dynamic properties of each of the
competing attractors, either chaotic or regular [17,
30];

(b) well-predictable chaos, for which (in the
absence of external forces) the dominant Lyapunov
exponent Λ is a limited positive value, whereas Tpr → ∞.
Well-predictable chaos occurs in the situation where
the variations of the maximum and minimum values
of chaotic oscillations are significantly smaller than
the difference between these maximum and minimum
values [28].

It should be noted that for time series obtained not
by mathematical modeling but by field monitoring,
the value of Tpr depends on a number of exogenous
and endogenous factors, such as trophic interactions
among populations, temperature f luctuations, etc.
This means that the prediction horizon for size oscil-
lations of a particular population reflects not only the
properties of the population dynamics as such, but also
the dynamic properties of the corresponding ecosys-
tem in its entirety. Therefore, the numerical value of
BIOPHYSICS  Vol. 64  No. 6  2019
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Fig. 2. (a) A fragment of a chaotic time series N(t). The predicted and real values are shown with open and filled circles, respec-
tively. (b) The error of prediction E(t) calculated using formula (3). In this case, the value of Tpr was estimated based on EL = 0.1,
which corresponds to prediction horizon of four time steps [28].

(a)

(b)
the prediction horizon can be considered a holistic
parameter.

Methods of quantifying chaoticity and predictability
of population dynamics. According to relationship (1),
the numerical values of the prediction horizon Tpr of a
chaotic process and the dominant Lyapunov exponent
Λ are interrelated. However, the positive value of Λ
can also be estimated based on the time series analysis
independently of assessing the prediction horizon
[31]. For this purpose, in a similar manner, a time
series {X} = {X(1), …, X(L)} is assigned a vector X(t) =
[X(t), X(t – τ), …, X(t – (E – 1)τ] in an E-dimensional
embedding space. Next, for certain t = t*, we find k(t*)
vectors X(i) lying within a small Euclidian ε-neighbor-
hood (U(t*)) of vector X(t*) and determine the average
change of the norm ||X(t*) – X(i)|| over a time period τ.
The function

where M = t – (E – 1)τ, grows linearly as long as the
norm of difference between X(t* + τ) and X(i + τ)
remains smaller than the size of the chaotic attractor.
The slope of the linear fragment of S(τ) can be used to
estimate the value of dominant Lyapunov exponent Λ

∈

 τ = + τ) − + τ) 
 

 
*

1 1( ) ln ( * ( ,
( *)

M

t i U

S t i
M k t

X X
BIOPHYSICS  Vol. 64  No. 6  2019
(provided that E and ε are appropriately selected; see
[31] for details).

Since natural ecosystems and, accordingly, the
dynamics of their populations are exposed to external
factors (first of all, temperature), the numerical value
of Λ obtained by analysis of f luctuations in population
abundance describes not only the inherent properties
of these f luctuations but also their sensitivity to envi-
ronmental changes. Moreover, a positive value of Λ
may reflect not the chaos of population dynamics as
such, but rather its instability in response to external
influences. In such cases, chaos is an induced behavior
[9].

It is necessary to note that the accuracy of estimat-
ing the prediction horizon Tpr and calculating the
dominant Lyapunov exponent Λ substantially depend
on the length of the time series. In particular, for short
time series it is usually impossible to reproduce the lin-
ear fragment of the function S(τ), which prevents
quantitative assessment of Λ.

While the length of time series generated by math-
ematical simulation is usually specified by researchers
themselves depending on the problem they are solving
and on the tools they possess, the length of time series
that describe size oscillations in natural populations
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Fig. 3. Recurrence plots of periodical (a), chaotic (b), and stochastic (c) processes [10].

(a) (b) (c)
are largely determined by the duration and regularity
of field monitoring, which are not always completely
controlled by the researcher. For analysis of relatively
short time series, it was proposed to utilize the time
series obtained by monitoring to reconstruct the
dynamics beyond the limits of the short period of time
where the monitoring was performed [9]. For this pur-
pose, a dynamic process u(t) is represented as a func-
tion F(u(t – 1), u(t – 2), …, u(t – p), ε(t)), where t is
time, ε is an exogenous variable that describes influ-
ences that are not directly a part of interactions within
the system (e.g., temperature f luctuations), and p is
the time lag beyond which the dynamics loses func-
tional relationship with the value of u(t). Next, a time
series u*(t) is constructed such that u*(t) = u*(t –
1)exp[f(t) + ε(t)]. It is assumed that the function f(t)
that describes endogenous processes is specified by
the polynomial a0 + a1X + a2Y + a3X2 + a4Y2 + a5XY,

where aj (j = 1, 2, 3, 4, 5) are constant, X = u(t – 1) ,

and Y = u(t – 2) . Numerical values of aj and ϑi (i =
1, 2) are selected to achieve the best possible approxi-
mation of the function u(t) by the function u*(t). Sbse-
quently, the time series u*(t), which reproduces the
real dynamic process sufficiently well, can be extended
beyond the interval where the observations were per-
formed. This reconstruction overcomes the limita-
tions on calculating the numerical value of the domi-
nant Lyapunov exponent that are imposed by the
length of the time series.

The method of reconstruction was applied to esti-
mate numerical values of Λ for real time series based
on monitoring of size oscillations in different animal
populations [9]. For most of these time series, the
value of Λ was negative, whereas the few positive val-
ues were close to zero; i.e., were close to the threshold
that separates chaos and regular dynamics. This find-
ing was interpreted as an argument supporting the
concept of “life on the edge of chaos” [32, 33].

Another approach to time series analysis, recur-
rence quantification analysis, is based on the fact that

1
q

2
q

a dynamic system may return into its initial state [34].
Recurrence of a dynamic system states can be repre-
sented as a recurrence matrix

(4)

where X(k) (k = i, j) is a vector that describes the state
of the system in question, N is the number of points in
the time series, ε is a small parameter (phenomenolog-
ical criteria for selecting the numerical value of ε are
provided in [35]), H is the Heaviside function, and ||…||
is Euclidian norm. Matrix (4) can be used to visualize
recurrence in the form of a recurrence plot. Recur-
rence plots can be presented as set of dots in a system
of coordinates (i,  j) where black and white dots corre-
spond to Rij = 1 and Rij = 0, respectively. These recur-
rence plots are symmetrical relative to the line Rii = 1.
Figure 3 shows recurrence plots corresponding to dif-
ferent dynamic behaviors: periodic oscillations, cha-
otic dynamics, and a stochastic process.

The recurrence plots in Fig. 3 illustrate that peri-
odic oscillations are represented as periodic diagonal
lines; chaotic behavior corresponds to aperiodic struc-
ture, and a stochastic process appears as randomly dis-
tributed dots. In the case of chaotic dynamics, rela-
tively short diagonal segments of length l parallel to the
diagonal Rii = 1 are generated by recurrence of the
phase trajectory [34], which means that during l
moments of time, a segment of this phase trajectory is
nearly parallel to another closely located segment. The
length of these diagonal segments satisfies the follow-
ing identity [35]:

where Ri–1, j–1 = 0, if R1,j = 1 or Ri,1 = 1 and Ri + k,j + k = 0,
if RN, j = 1 or Ri,N = 1 [4]. In this case, the prediction
horizon is the averaged length of the diagonal seg-
ments:
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(5)

where P(l) is the histogram of distribution of diagonal
segments of length l:

and lmin is the threshold diagonal segment length that
excludes from the analysis those short segments that
correspond to time intervals where initial autocorrela-
tion approaches zero.

We note that recurrence quantification analysis is
well suited to estimate the predictability of relatively
short time series that are typical for many data sets
obtained by field monitoring. This is due to the fact
that there is no need to restore the linear fragment of
the function S(τ), in contrast to the approach
described above, which provides an estimate for the
prediction horizon by first restoring this fragment and
calculating the dominant Lyapunov exponent and
then using relationship (1) between Lyapunov expo-
nent and prediction horizon. In particular, recurrence
quantification analysis was successfully applied to esti-
mate the prediction horizon of relatively short time
series obtained by monitoring the ecosystem of the
Naroch group of lakes [11]. The quantitative estimates
for the prediction horizon of f luctuations in phyto-
plankton abundance in each of the water bodies con-
stituting the Naroch lake system were 2.4 months for
the small stretch of Lake Naroch, 2.3 months for the
large stretch of Lake Naroch, and 2.5 months for lakes
Myastro and Batorino [11]. The methods of time series
analysis were comprehensively described in [26] and
[31].

Methods of numerical evaluation of relationships
between population fluctuations and of their association
with exogenous factors. It should be noted that time
series analysis can be employed not only to assess the
extent of chaos in the population dynamics, but also to
reveal the effect of environmental factors, e.g., tem-
perature f luctuations, on the oscillations of popula-
tions abundance recorded in the course of monitoring
of natural ecosystems. One of the possible approaches
to identification of such factors involves calculating
the phase locking index (PLI), a value that can
describe the extent of phase synchronization between
two oscillatory processes [36]:

(6)

where N is the number of measurements (length of a
discrete time series) and Δϕ is the phase difference of
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the oscillatory processes concerned; phase ϕ is a linear
function of time [37]:

Here, jk (k = n, n + 1) are the moments of time that
correspond to identical phases (e.g., local maxima of
the time series; k denotes their consecutive numbers).
For strictly synchronized time series, PLI = 1, while
for complete lack of synchronization, PLI = 0. Obvi-
ously, for most cases representing real dynamics, the
values of PLI lie between zero and unity. The statistical
significance of the numerical estimates obtained for
phase synchronization between time series can be ver-
ified using the surrogate data approach [31].

Figure 4 shows the time series that describe the
dynamics of plankton populations and water tempera-
ture oscillations in each lake of the Naroch system.

As an example of quantitative assessment of syn-
chronization between exogenous influences and
plankton dynamics, let us consider the influence of
fluctuations in water temperature on phytoplankton
dynamics. For this purpose, we present the results of
PLI calculations, which determine the degree of phase
synchronization between phytoplankton dynamics
and water temperature. Figure 5 shows the obtained
values of PLI, as well as the distribution of PLI values
for the corresponding surrogate data generated by ran-
domization of the source data on the dynamics of
water temperature and phytoplankton populations.

It can be seen that the PLI values for lakes Naroch
(Figs. 5a, 5b) and Myastro (Fig. 5c) lie within the
range of distribution of PLI values obtained for the
corresponding surrogate data. This means that phyto-
plankton dynamics in these lakes were not synchro-
nized with temperature oscillations. However, such
synchronization can be observed for Lake Batorino
(Fig. 5d). It should be noted that the lack of synchro-
nization does not necessarily imply that temperature
has no effect on the population dynamics. In this case,
it simply indicates that the influence of temperature is
not a key factor of phytoplankton dynamics (in addi-
tion to temperature, phytoplankton dynamics can be
affected by varying concentrations of biogenic ele-
ments and by trophic interactions among populations
of the lake ecosystem).

In contrast to phytoplankton, bacterioplankton
abundance exhibited phase synchronization with
water temperature f luctuations in all lakes of the
Naroch group. It was found that the detected ambigu-
ity of temperature effects on plankton dynamics may
be explained not as much by direct influence of tem-
perature oscillations on the dynamics of plankton
populations, as by presence or absence of interrelation
between oscillations of phytoplankton abundance and
bacterioplankton dynamics (see [38]). This interrela-
tion, in turn, substantially depends on influences of
other trophic levels: zooplankton abundance [39–41]

1
1

) 2 , .n
n n

n n

j jj n j j j
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Fig. 4. Dynamics of plankton populations and water temperature in the Naroch lake system: (a) temperature; (b) zooplankton;
(c) phytoplankton; (d) bacterioplankton (1) Small stretch of Lake Naroch; (2) Large stretch of Lake Naroch; (3) Lake Myastro;
(4) Lake Batorino); a single time step (t) in these charts corresponds to one month of real time. The data used to construct the
shown time series were obtained by long-term monitoring of f luctuations in temperature (°С) and plankton abundance: zoo-
plankton (g/m3; from 1994 to 2013), phytoplankton (g/m3; from 1993 to 2013), and bacterioplankton (106 cells/mL; from 1995
to 2013) [11, 38, 44]. The raw data were adjusted to a mean of zero and variance of unity.
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and concentrations of biogenic elements in water [42,
43].

It should be noted that the accuracy and relevance
of the results obtained by mathematical analysis of
time series that describe natural ecosystems strongly
depend on the volume and quality of data collected in
the course of field research. Therefore, it is necessary
to compare the results obtained using different meth-
ods of analysis. Such a comparison may be useful to
assess the relative contribution of different exogenous
factors to observed oscillations of population abun-
dance. For this purpose, below we will compare the
results obtained by evaluating phase synchronization
between time series that describe oscillations of plank-
ton abundance and water temperature in the lakes of
the Naroch group [38] to those produced by a tech-
nique where phase synchronization of ecological pro-
cesses is not directly taken into account. It should also
be kept in mind that the data set obtained by ecosys-
tem monitoring in the Naroch lakes was limited. As a
consequence, it was nearly impossible to employ sta-
tistical approaches and averaging over ensembles of
datasets to evaluate the conjugacy of oscillations in
question.

To analyze the mutual influence of two processes,
x(t) and y(t), we will use the value of the normalized
spectrum of cross-correlation between two signals,
which is determined by the following formula:

(7)

In formula (7),  and  are Fourier transforms of the
functions x and y, and the normalization constant λ is
selected based on the condition:

ω = λ ω ωˆ ˆ( ) ( ) ( ) .xyf x y

x̂ ŷ
BIOPHYSICS  Vol. 64  No. 6  2019



POPULATION DYNAMICS: MATHEMATICAL MODELING 965

Fig. 5. Numerical values of PLI (indicated with arrows) describing phase synchronization between phytoplankton dynamics and
temperature f luctuations and the distribution of PLI values for 1000 surrogate data sets: (a) Small stretch of Lake Naroch (PLI =
0.11); (b) Large stretch of Lake Naroch (PLI = 0.13); (c) Lake Myastro (PLI = 0.23); (d) Lake Batorino (PLI = 0.44) [38].
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where ωmin and ωmax are the boundaries of
spectrum (7). The spectrum boundaries are set as
soon as the time step and the number of steps in the
time series are set (according to the Whittaker–
Nyquist–Kotelnikov–Shannon theorem). In the
diagonal case, fxx(ω) is the normalized spectrum of the
autocorrelation function for the time series x, or the
normalized power spectrum 

The spectra fxy(ω) shown in Fig. 6 characterize
cross-correlations between oscillations in the abun-
dance of bacterioplankton, phytoplankton, and zoo-
plankton, as well as water temperature f luctuations in
each lake of the Naroch group (see Fig. 4). First, it can
be seen that correlations of temperature f luctuations
with oscillations in abundance of plankton popula-
tions exhibit clearly pronounced peaks [44]. These
peaks represent seasonal variations in temperature.
Seasonal patterns are significantly less pronounced in
mutual correlations between oscillations of plankton

ω

ω

ω ω =
max

min

( ) 1,xyf d

ωˆ( ) .x
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abundances, which reflects the presence of additional
factors that affect these correlations (e.g., trophic
interactions and the associated f luctuations in con-
centrations of biogenic elements).

To quantify the information content of the spectra,
we use Shannon entropy

which describes the frequency distribution of cross-
correlation spectra numerically; in our case, n = 126
(this is the length of the discrete time series presented
in Fig. 4, as well as the number of points on the X axis
for each of the mutual correlation spectra shown in
Fig. 6). In a diagonal case, when the spectrum is a
power spectrum or, equivalently, a Fourier cosine
transformation of an even autocorrelation function
[45], this is a well-known technique termed spectral
entropy; it is widely employed in different applica-
tions, such as speech recognition, electroencephalog-
raphy, mechanics, or climate research (see, for exam-
ple, [46–49]). Table 1 shows the numerical values of

=
= −

1
( ) ln( ),

n

i i
i

S n f f
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Fig. 6. Spectra of cross-correlations of oscillations for the time series presented in Fig. 5: (a) temperature–zooplankton; (b) tem-
perature–phytoplankton; (c) temperature–bacterioplankton; (d) zooplankton–phytoplankton; (e) zooplankton–bacterioplank-
ton; (f, phytoplankton–bacterioplankton (1) Small stretch of Lake Naroch, (2) Large stretch of Lake Naroch; (3) Lake Myastro,
(4) Lake Batorino) [44].
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Water body
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Shannon entropy of cross-correlations for each lake of
the Naroch system.

As can be seen from Table 1, the cross-correlation
entropy of those mutual correlation spectra that have
continuous structure is higher than the cross-correla-
Table 1. Shannon entropy of cross-correlation spectra [44]

Naroch 1, Small stretch of Lake Naroch; Naroch 2, Large stretch o
relation spectra are significantly lower than the entropy of a random
f = 1/n at all frequencies. For such random signals, Shannon entrop

Correlation Naroch 1

Temperature–zooplankton 3.757
Temperature–phytoplankton 4.002
Temperature–bacterioplankton 3.252
Zooplankton–phytoplankton 4.361
Zooplankton–bacterioplankton 4.106
Phytoplankton–bacterioplankton 4.291
tion entropy of mutual correlation spectra with a dis-
continuous structure (compare to Fig. 6). In the latter
group, the lowest values of entropy characterized the
spectra of mutual correlations between temperature
and bacterioplankton abundance (Table 1). Interest-
BIOPHYSICS  Vol. 64  No. 6  2019

f Lake Naroch. Notice that the values of entropy of the cross-cor-
 signal of length n, for which the spectrum (after normalization) is

y is S = lnn, so for n = 126, S = 4.836.

Naroch 2 Myastro Batorino

3.816 3.719 4.372
3.793 3.774 3.730
3.134 3.505 3.149
4.459 4.565 4.362
4.178 4.433 4.393
4.310 4.533 4.140
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ingly, at the same time, bacterioplankton dynamics
exhibits significant synchronization (by phase) with
fluctuations of temperature in all lakes of the Naroch
system [38]. However, this conjugacy between the val-
ues of Shannon entropy of cross-correlations and PLI
values that describe the level of phase synchronization
between hydrobiont dynamics and temperature f luc-
tuations does not completely concern the associations
between temperature f luctuations and oscillations of
phytoplankton abundance. As follows from Table 1,
the cross-correlation spectra of temperature and phy-
toplankton abundance have higher values of Shannon
entropy than the corresponding values for the tem-
perature–bacterioplankton relationship in all lakes,
including Batorino. However, it is in this lake, which
differs from the other lakes of the Naroch group by the
level of eutrophy [50], that temperature f luctuations
and oscillations of phytoplankton biomass exhibit sig-
nificant phase synchronization (see Fig. 5). That is, in
this case, the relatively high values of entropy are nev-
ertheless compatible with phase synchronization of
oscillations. This may be a consequence of the differ-
ent sensitivities that cross-correlation entropy and
phase synchronization of temperature f luctuations
with phytoplankton dynamics have to processes
affecting the trophic status of a water body. In the gen-
eral case, phase synchronization and Shannon entropy
of cross-correlations can apparently be considered as
independent and mutually complementing character-
istics of contingency between oscillatory processes
(including those occurring in ecosystems).

Meaningful investigation of mechanisms that
underlie synchronization and mutual correlation of
ecological processes depends, along with long-term
monitoring of ecosystems, on development of ade-
quate mathematical models. At the same time, it is
necessary to remember that description of the pro-
cesses will inevitably be reduced to the levels where
mathematical models can be formulated in such a way
that the results (e.g., in the space of parameters) would
be sufficiently clear and open for interpretation. On
the other hand, the question about the correspon-
dence between the results obtained by analysis of a
reduced model system and the processes that take
place in real ecosystems naturally arises.

MATHEMATICAL MODELING AND REALITY
Prolegomena. A mathematical model is a tool

required to formalize and analyze a hypothesis con-
cerning the mechanism of a particular phenomenon.
Both the hypothesis and the mathematical models are
produced by the human mind and therefore cut out
the aspects of reality that appear less pertinent (for the
purposes of the given study). Certainly, any mathe-
matical model is developed based on the previously
accumulated data collected in experiments and obser-
vations. However, even the planning of these experi-
ments and observations as such implies selectivity and
BIOPHYSICS  Vol. 64  No. 6  2019
thus reduction of the world image. Accordingly, all
theoretical constructs, as well as variables, parameters,
and operators of the corresponding mathematical
models, reflect the results of this reduction. As an
example, let us consider the dynamics of a model phy-
tophage–entomophage system. The purpose of this
model is to reveal the characteristic features of the
functioning of insect populations. Models of insect
population dynamics, in particular, those of forest
insects, have been developed by different authors [51–
54]. The results we will be discussing below were pre-
sented in [55]. This work proposed a nonlinear five-
parametric model of phytophage–entomophage sys-
tem dynamics that takes migration of insects into
account:

(8)

Here, u and v are the densities of phytophage and
entomophage populations, respectively; α, β, γ, l, and
m are model parameters with the following biological
sense: l < 1 is the ratio of the lowest critical density of
the phytophage population to the density determined
by the population resources in the absence of ento-
mophages; mγ is the Maltusian parameter where γ is
the coefficient of phytophage biomass transformation
into entomophage biomass; α is the velocity of insect
migration f low, and β describes competition among
entomophages.

A parametric portrait of model (8) as a section by
the plane (m, β) is shown in Fig. 7. The portrait con-
tains 21 areas. These areas are characterized by differ-
ent phase portraits; moreover, some of the phase por-
traits are topologically identical, and as a result, the
parametric portrait exhibits a certain symmetry [56].
The phase portraits are shown in Figs. 8 and 9. In par-
ticular, Fig. 8 illustrates stereotypes of model dynam-
ics, i.e., the dynamic behaviors that can be associated
with the data obtained by monitoring of abundance of
different forest insect species [54]: stable equilibrium
(Fig. 8, 1), self-oscillations (Fig. 8, 2), or outbursts of
massive proliferation (other phase portraits shown in
Fig. 8).

Figure 9 shows phase portraits where the type of
dynamic behavior depends on initial conditions. This
type of dependence is frequently considered a sign of
dynamic chaos [21]. However, in model (8), which is
comprised only two differential equations, it is impos-
sible for chaos to arise [57]. In this case, dependence
on initial conditions reflects competition between
coexisting nonchaotic attractor sets. It is remarkable
that the simple model (8) describes the great variety of
dynamic behaviors presented in Figs. 8 and 9. At the
same time, this diversity represents an outright chal-
lenge if we attempt to establish a correspondence
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Fig. 7. Parametric portrait of model (8) [55].
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between insect dynamics in a particular forest ecosys-
tem and a model dynamic behavior.

As an example, an obvious difficulty is related to
the fact that the dynamics of real rather than model
populations may depend on the initial conditions (as
in Fig. 9). If this dependence actually exists, predict-
ability of changes in insect abundance is substantially
limited to the probability of switching between differ-
ent types of dynamics due to coexistence of competing
attractors. Furthermore, for identification of a partic-
ular dynamic behavior according to model (8), it is
necessary to assign the numerical values of model
parameters according to the results of field measure-
ments. However, the question arises of whether it is
possible to perform sufficiently accurate field mea-
surements to determine the numerical values of the
ratio of the lowest critical density of phytophages to
the density determined by the population resources in
the absence of entomophages (parameter l in
model (8)), or the Maltusian parameter mγ, or the
parameter β that describes competition among ento-
mophages? In our opinion, establishing such corre-
spondence between model parameters and reality
seems hardly feasible.

In those cases where the numerical values of model
parameters are nevertheless selected based on field
measurement data (as it was in the mathematical
model of an aquatic community shown in the diagram
in Fig. 1), it frequently turns out that these measure-
ments were performed under different conditions and
on different objects (for instance, different water bod-
ies). Accordingly, the results obtained for such models
correspond not to a particular ecosystem but rather to
some general situation.

It should be noted that actual networks of trophic
interactions among populations are much more com-
plex than the schemes usually considered during
mathematical modeling. This becomes quite clear if
we compare Fig. 1, which is a diagram of interactions
among model hydrobionts, and Fig. 10, which shows a
simplified (!) network of interactions among popula-
tions that inhabit the coastal area of the Atlantic
Ocean.

Obviously, it is nearly impossible to employ math-
ematical models for investigation of mechanisms that
determine the character and predictability of dynam-
ics of populations involved in a complex network of
trophic interactions (similar to the one shown in
Fig. 10) and at the same time exposed to exogenous
factors without considerably reducing the natural
structure of interactions among populations, as well as
between populations and environmental factors.
Problems associated with the necessity to combine
reduction-based approaches with a goal to obtain a
complete description of population dynamics are
clearly acute.

Mathematical description of population dynamics:
choice of functions that describe population processes.
Many mathematical models of dynamic interactions
among populations are in fact special cases of the
Gause–Kolmogorov model [58, 59]:

(9)

In equations (9), t is time; N and P are the sizes of
prey and predator populations, respectively; r is the
reproduction coefficient in the prey population; m is
the mortality coefficient in predators, and e is a coef-
ficient that describes the transformation of prey con-
sumed by predators into the size of the predator popu-
lation. The numerical values of parameters in
model (9), as well as the functions g(N) and f(N,P),
are selected depending on the dynamic properties of
the population processes concerned: reproduction of
the prey population and consumption of prey by pred-
ators, respectively. We note that in some mathematical
models where predator competition for resources
(interference of predators) is not taken into account,
f(N,P) → f(N), while in a number of others that
account for mutual interference, f(N,P) ≡ f(N/P). The
diversity of trophic functions types f(N,P) proposed by
researchers of population dynamics is partially pre-
sented in Table 2.
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Fig. 8. Stereotypes of dynamics in model (8); the numbering corresponds to the areas of the parametric space in Fig. 7 [55].
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The term rg(N)N in the first equation of model (9),
which describes reproduction of the prey population,
is usually represented (see [7]) either as a log function

(10)

or as a Gompertz function:

(11)

In equations (10) and (11), r and K are constants.
Here, it should be emphasized that the results

obtained by mathematical modeling of population
dynamics are very sensitive to numerical values of
model parameters and, just as importantly, to the type
of functions selected to describe population processes.
For this reason, this selection (along with parametri-
zation) largely determines the adequacy of mathemat-
ical models of population dynamics, i.e., their agree-
ment with reality [61].

Mathematical description of population dynamics:
hybrid models. Data accumulated in the course of eco-
system monitoring ate the material that forms the basis
for mathematical modeling, namely for selection of

( )= −( ) 1 ,Nrg N N rN
K

( )=( ) ln .Nrg N N rN
K
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model dimensionality, its functions, and its parame-
ters, as well as the numerical values of these parame-
ters. This selection is also a form of reductionism,
which is an inevitable element in mathematical mod-
eling. On the other hand, data collected in field mea-
surements, such as time series that describe the
dynamics of particular populations, are produced by
an interplay among numerous biotic and abiotic pro-
cesses that affect the dynamics of a given population.
We note that the resulting time series reflects the prop-
erties of the system concerned as a whole (at the same
time, it also bears traces of the measurement proce-
dures performed in the course of the monitoring,
which represents the observer effect). In particular,
interactions among populations, as well as association
between populations and environmental factors, make
it possible (provided the body of data is sufficiently
large) to reconstruct f luctuations of population abun-
dance and to assess the character of these f luctuations
and those factors that may be responsible for the
observed effects (see the section Reconstruction of
Population Dynamics).

Hybrid mathematical models (see below) that take
the results of natural ecosystem monitoring into
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Fig. 9. Phase portraits characterized by the presence of more than one attractor set. The numbering corresponds to the areas of
the parametric space in Fig. 7 [55].
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account represent a different approach to investigation
of population dynamics. In particular, this approach
implies that the data obtained by monitoring are
directly incorporated into the mathematical model. As
an example, let us consider a simplest trophic chain of
phytoplankton P (prey population) and zooplankton Z
(consumer population). This chain can be described
by a difference equation:

(12)

In equation (12), t is time, G is a function that
describes growth of phytoplankton population (it can

+ − = −( 1) ( ) ( , ( )) ( , ( )) ( ).P t P t G P t f P t Z tc m
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Fig. 10. Simplified network of trophic interactions among populations inhabiting North-Western Atlantic Ocean. Some elements
of these interactions have been omitted from the scheme. At the same time, some species included in the network are not constant
residents of this part of the Atlantic (https://ru.scribd.com/document/78539365/Northwest-Atlantic-Partial-Food-Web).
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Table 2. Various types of trophic functions f(N,P) [9, 60]

Correlation Dependence

Constant function c
Linear function aN
Hyperbolic function aN/(1 + ahN)
Exponential (Ivlev) function R(1 – exp(–N/a)
The same, but g(N) → g(N/P) R(1 – exp(–bN/P)
Sigmoid function no. 1 cN2/(d2 + N2)
Sigmoid function no. 2 kN2/(1 + gN + khN2)
θ-Sigmoid function cNθ/(dθ + Nθ)
Mechanistic interference aN/(1 + awP)
Linear interference cN/P
Hassell–Varley function cN/Pm

Hassell–Varley–Holling function c(N/Pm)/(1 + aw(N/Pm))
Beddington–DeAngelis function aN/(1 + awP + ahN)
Arditi–Ginzburg function min (aN/P, R)
Arditi–Ginzburg–Contois function a(N/P)/(1 + ah(N/P))
Bazykin–Crowley function (aN/(1 + ahN))(1/(1 + βP))
Trân function no. 1 (N/P)(1 – (1 – ετ)P/τ)
Trân function no. 2 (N/P)(1 – exp(εP))
Tyutyunov function no. 1 (aN)/((P/P0) + exp(–P/P0) + ahN

Tyutyunov function no. 2 (aN)/((P/P0) + (1/(1 + P/P0)) + ahN
assume both positive and negative values), and f is a
trophic function. The function G depends both on the
abundance of the phytoplankton population P and on
a large number of parameters that affect plankton
reproduction; these parameters are specified by vector
c, whose dimension is large and is unknown before-
hand. The trophic function f in equation (12) is
assumed to depend on P, as well as on some parame-
ters, usually no more than three of them (see Table 2).
In this case, we select the Ivlev type of function [62],
that is:

(13)
In equation (13), m = (A, b). The Ivlev function was

selected for the reason that it had already been
employed to model phytoplankton dynamics [63].

The unknown function G can be found in the form
of a time series directly from equation (12) taking the
trophic function into account, which is in our case
determined by equation (13), and provided that the
time series P(t) and Z(t) are known. Let us introduce
novel variables

where  and  are average values of phytoplankton
and zooplankton biomass, respectively. Then, taking

( )

( , ( )) (1 ).
P t

bf P t A e= −m

= =( ) ( )ˆ ˆ( ) , ,P t Z tP t Z
P Z

P Z
(13) into account, the equation that describes the
dynamics of phytoplankton replenishment takes the
following form:

(14)
where

The average values of  and  are provided in
Table 3.

As can be seen from Table 3, the numerical values
of  and  steadily increased in the sequence Lake
Naroch → Lake Myastro → Lake Batorino, which was
particularly pronounced for the average phytoplank-
ton biomass. This growth reflects a fact that was estab-
lished in the course of ecological monitoring of the
Naroch lake system: the productivity of the lakes
increased according to the indicated sequence [64].

Equation (14) makes use of the time series P(t) and
Z(t). These time series represent temporal oscillations
of phytoplankton and zooplankton abundance in each
of the Naroch system lakes during the period from
1993 to 2017 (examples of such time series, although
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ˆ ˆˆ ˆ( ) ( ) (1 ) ( ),

P t
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−
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Table 3. Average values of P and Z, g/m3

Naroch 1, Small stretch of Lake Naroch; Naroch 2, Large stretch of Lake Naroch.

Naroch1 Naroch 2 Myastro Batorino

Z 0.9811 1.0569 1.4286 2.3605
P 0.5372 0.5816 2.6513 9.1592

Table 4. Shannon entropy (normalized to entropy of a random signal) of the cross-correlation spectra between G(t) and
exogenous factors in the lakes of the Naroch group

Naroch 1, Small stretch of Lake Naroch; Naroch 2, Large stretch of Lake Naroch.

Factors Naroch 1 Naroch 2 Myastro Batorino

Temperature 0.79 0.75 0.74 0.82
N/P 0.91 0.89 0.89 0.80
for a shorter period of time, from 1993 to 2013, are
shown in Fig. 4). The dependence G(t) was not mea-
sured directly in the course of monitoring. Neverthe-
less, this relationship, which reflects the dynamics of
phytoplankton repopulation in the form of a time
series approximating G(t), can be revealed using equa-
tion (14).

The rate of phytoplankton replenishment depends
both on the size of these populations and on exoge-
nous factors, such as the temperature and concentra-
tions of biogenic elements in the lake water. In partic-
ular, it is interesting to analyze the correlation between
G(t) and the ratio of concentrations of nitrogen and
phosphorus dissolved in water (N/P) [64]. Based on
the data of many year monitoring of ecosystems of the
Naroch group of lakes the time series parameters that
describes variation of factors affecting the population
dynamics can be related to the dependence G(t). For
this purpose, it is efficient to obtain quantitative esti-
mates of cross-correlation entropy (in more detail, the
use of cross-correlation entropy for analysis of time
series is discussed in the section Methods of Numeri-
cal Evaluation of Relationships between Population
Fluctuations and of Their Association with Exogenous
Factors).

A comparison of plots that show cross-correlation
entropy as a function of the coefficients  and  in
equation (14) reveals that numerical values of these
coefficients associated with the lowest entropy of cor-
relation between G(t) and temperature can differ from
the corresponding coefficients for the correlation
between G(t) and N(t)/P(t) (see Figs. 11 and 12).

Selection of the minimal values of cross-correla-
tion entropy is determined by several circumstances.
First, it is necessary to keep in mind that the N/P
ratio, which reflects the limitation of phytoplankton
growth under conditions of insufficient concentra-
tions of dissolved biogenic elements, nitrogen [65],
and/or phosphorus [66], has a significant influence
on the rate of phytoplankton repopulation. Secondly,
it was found that if we select the minimal values of

Â b̂
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cross-correlation entropy that describes the conjugacy
of the time series G(t) and N(t)/P(t), the values of
cross-correlation entropy for the conjugacy between
G(t) and temperature f luctuations slightly increase but
still remain smaller than the corresponding values for
the correlations between G(t) and N(t)/P(t). This indi-
cates that temperature has a significant role in sustain-
ing the growth of phytoplankton. Finally, for selection
of those minimal values of cross-correlation entropy
that correspond to correlations between G(t) and
N(t)/P(t), the values of entropy for each of Naroch
system lakes agree with the observed increase in lake
productivity in the sequence Lake Naroch → Lake
Myastro → Lake Batorino, that is, the lowest levels of
entropy characterize Lake Batorino, which exhibits
the highest level of plankton production (Table 3). The
numerical values of cross-correlation entropy are pre-
sented in Table 4.

CONCLUSIONS

Mathematical modeling makes substantial use of
reduction-based approaches to analysis of natural
phenomena, which ultimately raises the question
about the extent to which the results of modeling cor-
respond to real processes. The importance of this issue
becomes quite obvious when the functioning of the
systems concerned is sustained by a complex network
of processes (see Fig. 10 for an example). In the search
for an answer, it is necessary to be aware of the fact that
a researcher usually perceives reality in the form of
experimental results and/or data obtained by observa-
tion. At the same time, planning and performing
experiments, as well as organizing observations, inevi-
tably involves a certain level of reduction.

From this point of view, research of population
processes is no exception. Investigation of the under-
lying mechanisms relies on a combination of mathe-
matical modeling, laboratory experiments, and moni-
toring of natural ecosystems. In the cases that concern
particular ecosystems, it is not always possible to jus-
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Fig. 11. Cross-correlation entropy as a function of the coefficients  and  for the correlation between G(t) and water tempera-
ture: (a) Small stretch of Lake Naroch; (b) Large stretch of Lake Naroch; (c) Lake Myastro; (d) Lake Batorino.

(a) (b)

(c) (d)

Â b̂
tify the choice of numerical values of the model
parameters, as well as the functional dependencies
between variables that describes the dynamics of the
population processes in a particular ecosystem, based
exclusively on results of field observations. This may
be related both to insufficiency of the body of data
obtained in the course of ecosystem monitoring and to
the ambiguity of decomposing an integrated system
into processes and functional dependencies that will
be included in the mathematical model [61, 67].

As an alternative to mathematical modeling for the
purposes of studying the character of oscillations and
predicting the dynamics of population abundance, it
was proposed to employ reconstruction of population
dynamics based on time series that were obtained in
the course of experiments or field observations [68]. In
a number of cases, these approaches, which rely on
nonlinear dynamics techniques, were shown to be effi-
cient [21, 26, 27, 31] (see also TIME SERIES ANAL-
YSIS in the present article). As an example, using
reconstruction of population dynamics, it was shown
that it was not interspecies competition but rather an
environmental factor (water temperature) that was
responsible for oscillations in the abundance of Pacific
anchovy and sardine populations [22] (see the section
Reconstruction of Population Dynamics for more
detail).

On the other hand, mathematical models that
directly incorporate time series obtained by monitor-
ing of natural ecosystems (hybrid modeling of popula-
tion dynamics) make it possible to reveal the character
of f luctuations in those population parameters that are
not recorded directly in the course of monitoring. As
an example, in model (12), this parameter was the rate
of phytoplankton replenishment. Since the time series
included in a hybrid model represent the result of not
only those trophic interactions that are directly
described by the model, but also of numerous biotic
and abiotic factors that affect the particular ecosys-
tem, the use of hybrid models can to a certain extent
resolve the antagonism between reductionism, which
accompanies mathematical modeling, and holism,
which regards natural phenomena as a whole that can-
not be reduced to the sum of their parts. Accounting
BIOPHYSICS  Vol. 64  No. 6  2019
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Fig. 12. Cross-correlation entropy as a function of the coefficients  and  for the correlation between G(t) and N(t)/P(t):
(a) Small stretch of Lake Naroch; (b) Large stretch of Lake Naroch; (c) Lake Myastro; (d) Lake Batorino.

(a) (b)

(c) (d)

Â b̂
for additional information (e.g., time series that
describes f luctuations in the concentration of biogenic
elements, as discussed in the section Mathematical
Description of Population Dynamics: Hybrid Models)
provides the ability to relate this information to the
results of mathematical modeling. In the case of
model (12), this relationship was observed as a correla-
tion between the spectra of oscillations of environ-
mental factors: water temperature and concentrations
of dissolved biogenic elements, nitrogen and phos-
phorus, on the one hand and the spectra of oscillations
of phytoplankton replenishment obtained by model-
ing. In model (12), the trophic function f(m, P(t) was
specified as an Ivlev type response (13). In the general
case, the trophic function (see, for example, Table 2),
as well as the range of numerical values of its parame-
ters (even if there are relatively few of them), are cho-
sen by the researchers themselves and should opti-
mally be based on the results of the ecosystem moni-
toring. Model (12) presented above describes a simple
trophic chain of the resource–consumer type com-
prising two elements. More complex hybrid models
BIOPHYSICS  Vol. 64  No. 6  2019
can be considered, provided that sufficient informa-
tion is available on trophic interactions within the eco-
system and on factors that affect the dynamics of its
communities.

Both reconstruction of population dynamics and
direct incorporation of field research data into mathe-
matical models rely on strong collaboration between
theoretical scientists and those who perform ecosys-
tem monitoring. In particular, such collaboration
implies that the corresponding research groups partic-
ipate together and/or coordinate their activities in the
organization and realization of both field and mathe-
matical studies in order to identify and investigate the
factors that have a significant effect on the predictabil-
ity and character of the dynamics of natural popula-
tions.
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